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We present a problem of construction of certain intersection graphs. If these graphs were ex- 
plicitly constructed, we would have an explicit construction of Boolean functions of large complexity. 

In Boolean complexity one can investigate graphs instead of Boolean functions. 
Suppose we have a Boolean function with an even number of variables f : {0, 1} 2n 
{0, 1}. Then we can identify in a natural way f with a bipartite graph G = (P, Q, E).  
E _C P x Q, with ]PI = ]Q] = 2n. This transition is the essence of the communication 
complexity, however the complexity of graphs has been investigated also from the 
point of view of Boolean complexity [4], [5]. Here we shall show that  if f has small 
complexity, more precisely, if f can be computed by small branching programs, then 
G can be represented as an intersection graph where vertices axe subspaces of a low 
dimensional vector space. Thus the minimal dimension in which G can be represented 
in this way gives an interesting characteristic of the graph. We shall prove some basic 
facts about it, however we are not able to construct explicitly graphs which require 
large dimension. 

Definition 1. Let G be as above. If we can assign a subspace v(r) of some vector 
space V to each vertex r �9 P U Q so that for every pair of vertices p �9 P,  q �9 Q 

( p , q ) � 9  iff v(p) Mv(q) 

is a nontrivial subspace, then we say that  G has a projective representation in V. 
2. For a given field k we denote by 

pdimkG 

the minimal dimension of a vector space in which G has a projective representation; 
it will be called the projective dimension of G. 
3. Similarly we define an aj~ine representation in V by taking affine subspaces instead 
of vector subspaces and requiring 

(p, q) E E iff v(p) f3 v(q) # 0; 
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the corresponding characteristic, affine dimension, will be denoted by 

adimkG. 

Theorem 1. Suppose f : {0, 1} 2n --* {0, 1} can be computed by a branching program 
of size d, let G be the graph associated with f ,  let k be an arbitrary field. Then G 
has a projective representation over k d+2, i.e. 

pdimkG <_ d + 2. 

Proof. The proof uses the idea of representation of graphic matroids as regular 
matroids. 

Let B be a branching program computing f .  B has one source vertex, say vo, 
one accepting vertex v+ and one rejecting vertex v_. An input string a determines 
the subgraph Ha of B, (two disjoint trees with roots v+ and v_) consisting of all 
edges that are open for this input. B accepts the input if[ there is an unoriented 
path from v 0 to v+ in this subgraph. We identify {0, 1} 2n with P x Q. Now let 
a = (p, q) 6 P x Q. Then p determines a subgraph Hp and q determines a subgraph 
Hq so that  Ha = Hp U Hq. Hence we have 

f(p,  q) = 1 iff there is a path from v0 to v+ in lip U Hq. 

By a simple modification of the branching program we can ensure that,  for no p and 
q, there is a path connecting v0 to v+ in either Hp or Hq. Namely we can add a new 
source with both edges directed to the old source and with a label from the other 
half of inputs than is the label of the old source. Also we can remove vertex v_. 
Now we identify (glue) vo with v+. Then 

f(p, q) = 1 iff there is a cycle in Hp U Hq. 

By the property above we also know that  such a cycle must contain edges from both 
subgraphs. Next step is to replace edges by vectors. Take a vector space over k 
whose dimension is the number of vertices of B and choose a basis of it. Assign an 
element ev of the basis to each vertex v of B. Then the vector subspace assigned to 
an r 6 P U Q is defined by 

v ( r )  = - �9 

Hence to each edge (u, w) we assign vector eu - e~. (If the characteristic of k is 
different from 2 we must consider directed edges.) Under this assignment the cycles 
in graphs are translated onto cycles in vector spaces. Thus if there is a cycle in 
Hp U Hq, then we have a set of vectors from v(p) U v(q) summing to 0 which cannot 
be reduced and, by the property of B, must contain vectors from both subspaces. 
In the other direction, any nonzero vector in v(p) N v(q) can be used to construct a 
cycle in v(p) U v(q) consisting of vectors which correspond to the edges of B, hence 
also a cycle in Hp U Hq. 

The size d of the branching program is the number of vertices which are not 
sinks. Thus the dimension of the vector space is d + 2. I 

In the sequel we denote by 

N = IF[ = IQ[, 

which is 2 n, if the graph G corresponds to a 2n argument Boolean function. An easy 
counting gives the following 
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Proposition 1. For k a fixed finite field 

m a x  pdimkG = ~2(N�89 
G~lv x ~  

Thus, theoretically, one can obtain an f~(2 n/2) lower bound for the branching 
program complexity of some Boolean function. We give a less trivial result now. 

Theorem 2. For the real field 

m a x  pdimRG -- ~ ( ( l o ~ N )  � 89  GCNxJv 

Proof. Let a projective representation v of G = (P, Q, E) in k d be given, let 
N = IPI -- IQI- We must first construct a representation which is in a sense uniform. 

Lemma 1. There exists a projective representation v I of G in R 2d such that for every 
r 6 P U Q the dimension ofvl(r)  is exactly d. 

Proof. First extend R d to R3d. Then we can use d dimensions to extend each 
v(p), p E P, so that  its dimension is exactly d and similarly the other dimensions 
for vertices q E Q. Finally we reduce the dimension of the whole space to 2d 
while preserving the dimensions of the intersections by taking a projection of the 
representation onto a subspace of dimension 2d in general position. | 

For each r C P tA Q take a 2d x d matrix M(r)  of some basis vectors of v(c). 
Then we have 

(p,q) e E iff v'(p) nv ' (q)  ~ {0} iff det(M(p),M(q)) = O. 

Since the number of pairs (p, q) is finite, we can choose an e > 0 such that  

(p,q) e E iff (det(M(p),M(q))) 2 - e < 0, 

(p,q) r E iff (det(M(p), M(q))) 2 - e > 0. 

Now think of (det(M(p), M(q))) 2 - r  as a polynomial evaluated on some real numbers. 
Then we see that  E is determined by the signs of N 2 polynomials of degree 4d 2 with 
2d 2- 2N variables. Thus each graph of projective dimension at most d is determined 
in such a way. The number of possible sign sequences can be bounded by the degree 
of polynomials the number of polynomials and the number of variables. We shall use 
a bound proved by Warren [8]: 

Lemma 2. Let P l , . . ' , P m  be polynomials of degree at most s and with t variables, 
s > 1, m >_ t. Then the number of sequences 

(sgnpl (x ) , . . . ,  sgnpm(X)), 

where x ranges over all sequences of reals for which no polynomial is equal to O, is 
bounded by 
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It follows that  the number of graphs of dimension d is bounded by 

16ed2 N ~ 4d2 N 
~ ]  = (4eg) 4d2N. 

If each graph can be represented in dimension d then this number must be greater 
or equal to N 2, which gives us 

1 
N 

d >- ( 4 .  log24eN ) 

Motived by our results Razborov [5] proved the following relation between affine 
dimension and formula size. 

Theorem 3. For any field k 
adimkG _< L(I),  

where G is the graph corresponding to a Boolean function f and L is the formula 
size in basis {~, &, V}. I 

In fact he proved more. In terms of graph complexity (see [4]) it means that 

adimkG <_ L~(G). 

Roughly speaking this means that it is necessary to use at least adimkG unions and 
intersections in order to construct G from complete bipartite graphs. We shall show 
some relations between the projective dimension and affine dimension. 

Proposition 2. 
(1) For every field k 

adimkG < (pdimkG) 2. 

(2) adimRG + 1 _< pdimRG. 

Proof. 
(1) Let v be a projective representation of G in k d. We construct an affine 

representation v I of G in k d2 as follows: 

vl(r) = {AIA is a d x d-matrix whose row space is a 
subspace of v(r) and with Sp(A) = 1}. 

We shall show that  v ~ represents the same graph as v. Suppose w is a nonzero vector 
in v(rl) Nv(r2). Let B be a d x &matrix with one row equal to w and all other equal 
to 0. Since w is nonzero, we can choose the nonzero row so that  Sp(B) is nonzero. 
Then clearly (Sp(B)-I)  �9 B is in vl(rl) nv'(r2).  If A �9 vl(rl) Nvl(r2) and Sp(A) = 1 
then there is at least one nonzero row in A and it must belong to v(rl) N v(r2). 

(2) In the real field R an afline representation is obtained from a projective one 
simply by intersecting it by a hyperplane in a general position. | 

The following result of Lov~sz implies that  there is no such simulation of afline 
representations by projective ones for the field of reals. For finite fields Razborov [5] 
has shown that 

pdimk(G ) _< adimk(G) O(adim~(G)). 
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Theorem 4. 
matching, then 

pdimkG > e.  logN, 
for every field k of characteristic different from 2. 

Corollary. There exist graphs G N such that 

adimRG = 2 and pdimRG = ~2(log N). 

There exists ~ > 0 such that i f  G is the complement of an N to N 

Proof. Take the complements of matchings. Then the second half is just Theorem 4 
and the first half is trivial. I 

We shall give a proof of Theorem 4 for the case k = R, since it shows an 
interesting r e l a t i~  with some concepts studied elsewhere. 

Definition. A scalar product representation of a graph G in Rd is a 'mapping w : 
P U Q ---} R d such that 

(p,q) e E  iff w(p)*w(q)=O,  

where * denotes the scalar product of vectors. 
Scalar product representations has been used by Lov~z [1]; Paturi and Simon [3] 

used a similar concept in communication complexity; Reiterman, RSdl and Sifiajovs 
[6], [7] and Parsons and Pisanski [2] studied another similar concept. 

Proposition 3. Every bipartite graph G has a scalar representation in ]~d, where 

(2d i re r  G~ 
d =  \ d i m R G ] .  

Proof. For each r E  P U Q take 2d ~ • dl-matrix M(r) ,  where d t = dim R G, as in the 
proof of Theorem 2. Thus 

(p,q) e E iff det(M(p),M(q)) = O. 

Clearly we can write det(M(p), M(q))  in the form 

ai bj , 
iEI , jEJ 

where ai are ~: determinants of d ~ x d ~ submatrices of M(p), bj are determinants of 

d I x dl-submatrices of M(q), and Ill = IJI = (~d,'). ! 

Proposition 4. The complement of  an N to N matching does not  have a scalar 
product representation in R d for d < N. 

Proof. Let Ul,..-. , u l v , w l , . . .  ,wN E ~d be such that  ui * wj = 0 for i # j .  Suppose 
that  d < N. Then some ui is a linear combination of U l , . . . , u i _  1. Hence also 
ui * wi = 0. Thus this cannot be a representation of the complement of a matching.l 

Proof of Theorem 4. By propositions 2 and 3 we get 
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whenever d is the projective dimension over ]R of the complement of an N to N 
matching. This gives the bound of Theorem 4. | 

Conclusions. The most important open problem is to find explicit examples of graphs 
with large projective and affine dimensions. The largest lower bounds that  we know 
of are only f~(log N).  In order to improve the best lower bound to the branching 
program complexity of an explicitly defined Boolean function (due to Ne~iporuk), 
we need a lower bound for projective dimension larger than (log N)2 / log  log N. 
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